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Abstract. Let X be an alphabet and X" denote the collection of all
sequences of length n over X. For any s1 = aiaz---ajaj41---an, S2 =
biba---bj bjt1---by € X", a recombination of s; and s at position j is
defined as an operation that crosses s1 and s at position j and generates
tl = a1a - - - a]-b]-.H B bn and t2 = blbz e bja]-.H s Qp. Denote .A and S
two collections of sequences. In this paper, we discuss generating A from
S by a series of recombinations in minimum number of steps. We present
a greedy algorithm for finding the optimal recombination evolutionary
history from S to any tree A of sequences when |S| = 2.

1 Introduction

Various types of mutations on sequences play an important role in computational
biology. Transformations using insertion, deletion, substitution, and reversal are
widely studied by applying statistics and algorithms (cf. [Tf2]). Recently, much
attention has been paid to recombination of sequences. Hein developed some
algorithms for recombination problems(cf. [Bl4]). Kececioglu and Gusfield dis-
cussed a recombination distance problem on generating a third sequence from a
given pair of sequences in optimal recombination cost (cf. []).

Generally, an edit distance problem of genomes is widely studied and its
aim is to find the optimal evolutionary history from some ancestors to some
descendents by using certain types of mutations such as insertion, deletion, sub-
stitution(point mutation),reversal, etc. Parsimony trees and phylogenetic trees
are some intersting problems in the category. In [6], an alignment with recombi-
nation is discussed and it is an edit distance problem involved recombinations.

In this paper, we discuss a similar distance problem involved recombinations.
The purpose is to generate a collection A of sequences from another collection
S of sequences by a series of recombinations in minimum number of steps.

1.1 Problem and Example

Definition 1. Let X' be an alphabet (e.g., ¥ = {a,c,g,t}, etc) and X™ the
collection of all sequences of length n over X. For any sy = a1a2 -+ Gjaj41 - Gn,
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S2 = biby---bjbjy1---by € X", a recombination for s; and sy at position j
(1 <j<n-—1) is defined as the following operation:

From S1 =a1a2 -G Aj41 - Qp
So :b1b2... bj bj+l"'bn
to t1 =ajaz - Ay bj+1 ce bn

tg :b1b2'~' bj Aj41 - Ap-

It is denoted by R(s1,82;j;t1,t2), or R(s1,82;7). Both sy and so are called par-
ents and both t1 and to are called children.

Definition 2. Let A,§ C X". S is called a recombination ancestor of A if
A can be generated from S by a series of recombinations, i.e., there exist a
series of recombinations Ri(sgi),s;i);j(i);tgi),t(;)) (i = 1,2, ---, p) such that
(1)sV 88 e sUEP tM 1<k <i—1}), @AcSUEP )1 <<
p}. Ri(s(li),séi);j(i);t(li),tg)) (it =1,2,---,p) is called a recombination process
generating A from S. It is called optimal if the number p of recombination steps
18 minimized among all such possible recombination processes.

Recombination Problem 1. Let A C Y™ and S a recombination ancestor of
A. Find the optimal recombination process generating A from S. Denote n(S, .A)
the number of optimal recombination steps generating A from S.

Ezample 1. Let A = {a; = 01010,a, = 10001,a3 = 10110,a, = 11001} and
S = {s; = 00101,s, = 11010}. We have n(S,A) = 4 and the following is an
optimal recombination process generating A from S.
Ri(s1,s9; 1;a1,bys): From 0 0101 =by=s;
1 1010 :b2:S2
To 0 1010 =bs=a;

1 0101 =by

R2 (b47 S9; 2, b5, bG)I From 10 101 :b4
11 010 =b,

To 10 010 =b;5

11 101 =bg

R3(by,s2; 3; a3, a4): From 101 01 =by
110 10 =bs

To101 10 =by—ay

110 01 =bg—ay
Ry (s1,bs; 3; ag, bg): From 001 01 =b;
100 10 =bs
To 001 10 =bg

100 01 :b10:a2

If S consists of only two sequences, then Problem 1 can be regarded as one with
|X| = 2. For binary case, S = {00---0,11---1} always generates an arbitrary
binary sequence by recombinations. So it is a recombination ancestor for any
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A C {0, 1}™. Moreover, given any recombination ancestor & = {s;18;2 - Sin|i =
1,2} of A = {anase---appli = 1,2,---,k}, for each 1 < j < n, we define a
function f; on {sij,s2;}(s1; # s2;) such that f;(s1;) =0 and f;(s2;) = 1. Then
we get Sg = {f1(811)f2(512) ce fn(Sln), f1(821)f2(822) e fn(SQn)} = {00 -0,
11--- 1} and .Ao = {fl(aﬂ)fg(aig) R fn(CL?n)‘Z = 17 2, Ty k} And n(S,.A) =
n(Sp, Ag). For |X| = 2, Recombination Problem 1 is reduced to the following
simple form.

Recombination Problem 2. Let A C {0,1}" be an arbitrary collection of
binary sequences and & = {00---0, 11---1}. Find the optimal recombination
process generating A from S.

In this paper, we discuss Problem 2 and find algorithms for it.

1.2 Terminology and Notation

Definition 3. Leta=aja2---ap---aq---a, € {0,1}". I = ap,q] = apapy1---
aq is called an alternative segment of a if a; # a;41 for allp < i < qg—1. An
alternative block is a mazimal alternative segment. Denote In = {I1, I, -, I}
the collection of all alternative blocks of a. Define the core of a as Cq = als, t],
which is the minimum segment of a containing all I;(1 < i < k). Define the

length of a[p, q| as l(alp,q]) = g — p and the length of Iy as I(Iy) = Zf:l I(I).
Denote P(A) = {p|1 <p <n—1,a, # apy1 for some a € A}. For example,
if a = 111010111010000100, then I = a[3,7] = 10101, I, = 1010, I3 = 010.

I, = {1, I, Is}. Ca = a[3,17] = 101011101000010. I(I;) = 4 and (1) = 9.

Definition 4. Let a,b € {0,1}" with Cy = a[p, q] and Cp, = b[u,v]. Ifu<p <
g < v and alp,q] = blp,q], we say that b covers a, denoted by a C b. b and
a are called disjoint or independent if ¢ < u, or v < p, denoted by aNb = ().

If ¢ < u, we say a < b. For any alternative segments ( or blocks) I and J, we
similarly define I C J, INJ =0, and I < J.

Definition 5. Denote C(A) = {Cala € A}. A is called a nest of sequences if
a C b, orb C a for any a,b € A. It is called a tree of sequences if either
anb=0,oraChb,orbCa foranya,be A Fora,bec A, ifbC a and there
exists no ¢ € A such that b C ¢ C a with ¢ # a and ¢ # b, then b is called
a branch of a. Denote By the collection of all branches of a in A. A branch is
called a leaf (or youngest branch) if it has no branch in A. a € A is called a root
(or oldest branch) if it is not a branch of any other sequences in A.

1.3 Related Work

Our recombination problem is a generalization of the following problem(cf.[H]).

Recombination Distance. Given a = ajas---am,, b = biby---b,, and ¢ =
c1Co - - - ¢k, find the minimum cost recombination to produce ¢ from a and b.
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The goal is to generate a third sequence from a given pair by recombinations
consisting of multiple crossovers and point mutations. In our problems, we de-
fine a recombination consisting of a single crossover with no point mutations. We
discuss a more general problem to construct the optimal recombination span-
ning history from one family of sequences to another one. Its general case with
multiple crossovers and point mutations is NP-complete(ct. [516] ).

2 Theorems and Algorithms

In this section, we show some theorems on optimal recombination processes and
design a greedy algorithm for finding the optimal recombination process for a
tree of binary sequences. We always assume & = {00---0, 11---1}.

Theorem 1. Let a € {0,1}". Then n(S,{a}) =1(I,).

Proof. a is optimally generated by R(s1,s2;p;b1,c1), R(bi,c1;p + 1;ba, ca),
R(by,co;p+2;bs,c3), -+ - , R(bg—p—1,¢q-p—1;9¢— 1;bg_p,cq—p), - - - Over all
positions in P({a}). Therefore, n(S,{a}) = I(1a).

The series of recombinations in the proof is called a recombination extension
and denoted by ext(s1,a). Generally, if a C b and a has been generated, then b
can be generated by series of recombinations on the positions in P({b}) but not
P({a}), called an recombination extension from a to b and denoted by ext(a,b).
Theorem 2. If A is a nest, then n(S, A) = |P(A)|.

Proof. By Theorem 1 and recombination extensions.

Theorem 3. Let Ay, Ay C {0,1}" be independent nests, i.e., aNb =0 for any
ac A;,b e Ay. Then ’/l(S,.Al U .AQ) = |P(.A1)| + |P(.A2)|

Proof. Apply Theorem 2 to A; and As, respectively.

Theorem 4. Let Ay, Ay C {0,1}™ be independent nests and a € {0,1}™. For
any by € A1 and by € Ay, (1)by < by and (2)b1, by C a. Then n(S, A; U A U
{a}) = IP({a})| + 1.

Proof. Choose a position p between A; and Ay, then Cj is partitioned into Cy
and Cs. Choose a; and a; with Ca, = C; and C,, = Cs. Then the theorem
follows by applying Theorem 2 to both A; + {a;} and A, + {as} with one more
recombination R(aj,aqz;p), i.e., [P({a1})| + |P({az})| + 1 = |P({a})| + 1 steps.

Theorem 5. Let A be a tree. Then n(S, A) = [P(A)| + > ,c4(|Bal = 1).

Proof. By Theorem 4 and induction on |A|. Choose a root a € A and denote
B, = {dy <ds < --- < d,}. We define ext(d;,ds,--,dp;a) as the following
recombination process: (1)Choose a position p; between d; and d;+1 (1 <@ <
p—1), (2)Partition C, by all p; into C; and choose b; with Cp, = C;(1 < i < p),
(3)Make ext(d;, b;) to get b; from d;(1 < i < p), (4)Make the recombinations:
R(b1,ba;p1;fi,g1) and R(fi—1,bi;pisfi,g) (2 <i<p—1)withb; Cf; (1<
j <i—1). Then f,_; = a. ext(ds,ds, - -,d,;a) generates a from dy,ds,---,d,
in optimal steps. A is then generated from branches to roots by induction.
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Based on Theorem 5, we now design a greedy algorithm for finding the op-
timal recombination spanning evolutionary history generating a tree A from S.

Greedy Algorithm
Input: A (nest/tree).
Output: Optimal recombination process.
Step 1 Find B, for all a € A and set £ = (.
Step 2 While A — E#0 {
Choose a leaf (youngest branch) a € A — F and
denote By = {d; <ds < --- < dp}.
Generate a by ext(d;,dg,---,dy; a).
E = FE +{a}.
}

Theorem 6. Greedy Algorithm finds the optimal recombination process for a
tree A and the run time is O(|A*n).

Proof. For each pair a and b of sequences, the algorithm compares n positions to
determine whether a C b or not. There are O(].A|?) pairs of sequences. Therefore
the run time is O(|.A[?n).

3 Conclusion

The greedy algorithm is designed to generate a tree from two sequences. The
most interesting part of the problem is to generate an arbitrary collection of
sequences from a given recombination ancestor. Our discussion may be applied to
some problems in human SNP(single nucleotide polymorphism) genome project.
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